CHAPTER XVIII. 
RECTIFICATION (III.). MISCELLANEOUS THEOREMS. 


621. Arc of an Inverse Curve. 

Let s and s’ be the corresponding arcs of a curve and of its 
inverse with regard to a fixed point O, the constant of inver- 
sion being k. g 


Q 
, 
byan vanaf P 


fe) 
Fig. 167. 


Then if P,Q be points on the curve and P’, Q the inverse 
points, we have Abee a j 
PO =k OP. OQ (See Diff. Cale., p. 174.) 


And ultimately, when Q and Q are made to travel along their 
respective paths to ultimate coincidence with P and P’, 


d=, 
1.0. f =i H T E E ET (1) 


giving the arc of the inverse in terms of elements of the 
original curve. 

622. Modifications for Various Coordinate Systems. 

This formula may be modified as required for different 
systems of coordinates, and with the usual notation, we have 
for polars, the inversion being with jai to the pole, 


2 2 2 
fanfare f ae aoe ee et (2) 
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Again, we may write 


1 ds P 
=k? E Pe ay ng rty, occ ccvccecnsvcccccescoes (4) 
i.e. as a formula suitable for tangential polars, 
p 
P 
ak? Bae Fa oled (5) 
p+ sE 


or for pedal equations, 


Ai i 
8 =f Gar= efa = k2 T ecoocpecs (6) 


and for Cartesians, 
V AE 


' vVd+dy? _ 
8 eT Eye wf vive) “aay E RTA (7) 


the inversion being with regard to the origin ; 

~dz?+ dy 
or =k E an EEE E ATS ERNER E TT T Y (8) 
if the inversion is with regard to the point (a, b). 


623. Illustrative Examples. 
1. Consider the arc of the inverse of the parabola 


p’=ar (or 74 1 +008 6) 


with regard to the focus če. a cardioide. 


Here 
dr dr du 
=e ok |S- 2 mS 
n. rr? — p? rr/r?—ar r Vi-aw Heeg 
2 
=% vl- a= sinf. 


2. Rectification of the inverse with regard to the centre of the first 
negative pedal of an ellipse with regard to the centre. 
The ellipse being 2*/a*+ */b?=1, the first negative pedal is the enve- 


lope of 
id l_cos?y , sin?y 
i xcos Y+ysin Y=p, where = M. + 
Hence the tangential polar equation is 
ab 


Sa sin?y +b? cos*y ' 
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Differentiating we have 
2. NE 
dp _ esas (a? — b?) sin 4 cos y 


ar (a? sin?y +b? cos? y)? 
PP __ apar yey Bost a sinty—2a*— 69 sindy costy 
vr (a? sin? +b? cos? yp)? j 
whence 
p+ dp _ ab p£ (2a? — b?) sin? Y + b?(2b? — a?) cos*yp 
dy? (a? sin? y + b2 cos? yp)? 
and 
dpy apo atsin? y +b cos? 
Pa) ae n F 
Hence 


y: ~ = [-e= 6?) sin? Y + b2(202 - a?) PRY aana o dy 


atsin? yY + bt cos? y 


A (2 art aT) Jat ain? +0 cos? dy 


~ at sin? y +b! cos? Y 
= | [2 Va? sin? Y +b? cos*p 


_ ab? (at sin? Y + b* cos? Y + ab?) 7] dy 
a? +b? (a4 sin? Y + bt cos?) Ja? sin? Y +0? cos? 


Hence if e be the eccentricity of the ellipse, and the integration be 


taken from %4 to > and if x be the complement of y, we have 
Gc 


e = 2e) |. 


f=— P| 2x e 


This curve therefore requires all three kinds of the Legendrian integrals 
for its rectification. 

Note for the first negative central pedal of an ellipse that we have 
incidentally 

(1) i abe ev - b2) sin? Y + b? (2b? — a?) cos? y i 

(a? sin? Y +b? cos? pÈ 
dana 4 cos? 

org atsin?y+b*cos*y 
(2) rime (a? sin? Y + b? cos? yp)’ 


(3) fe dé = [EPa =3ab tan($ tan y)-(@ + b?) tan-1(F tan y); 


(4) fru- JELA siit e 
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3. Central inversion of epi- or hypo-cycloids. 
Here p=Asin By, where A=a+2b, 
a See Diff. Calc., Art. 410 


~a+2b" 
=k pem 


ipi (ay 


Fig. 168. 
A(1— B?) sin By dy A(B-1)sin By dy _ 
As Werte A Mtl A eiad [are A®{1 +(B?— 1) cos? By} 


É rI TA for the inverses of epi- 
-HI =P | tanh- (VI= B cos By) |} ania 


#4 ao Jin Se Y) for the inverses of hypo- 
or =73NB- 1 [ tan (VBT cos BY). } ereihice. 


E.g. in the case of the inverse of the cardioide with regard to the centre 
of the fixed circle a=b, A=3a, B=}, 


A aaka _,(2V2__W\7° 
Mee [ tanh CS cos JJK 
In the case of the inverse of the three-cusped hypocycloid 


b=-}a, A=5, B=3, 


= ae [ tan (2/2 cos 3y) |". 


Note that these inverses are such that their arcs are expressible 
logarithmically if derived from epicycloids, or by means of circular 
functions if derived from hypocycloids. 


` 4. Inverse of the parabola y*=4ax with regard to the point x= — 3a, 
y=0. 
The general problem for any point on the axis is discussed by Mr. R. A. 
Roberts, in the Proceedings cf the London Mathematical Society, vol. xviii., 
p. 202. 


www.rcin.org.pl 


JOHN BERNOULLI’S THEOREM. 647 


Taking am?, 2am as the current coordinates of a point P on the curve 
y*=4ax, an element of arc is given by 


ds=Ndx? + dy?=2a/1 + m? dm. 


Fig. 169. 


Also OP? = (am? + 3a)? + 402m? = am! + 10am? + 9a? 
= a?(m? + 1)(m? + 9), 


and the element ds’ of the inverse is d3’= ea; 
TA NVI +m? dm 
i A } re + 1)(m? + 9) 
= fl eS (Let m=tan ¢.) 
(m?+ Jatt 
2k? cos ġ dp 


“a Jo sin? + 9 coso 


= $ Bai k? f dsing 
o 9—-Ssinr'd 4a/ 2- sinto 
var. z i 3+2V2sinġ q 
a J2 $3-2V2sin $ 
Example. Mr. Roberts shows in the article above cited that for 

points between — œ and — 3a on the z-axis the arc of the inverse curve 
can be expressed as a pure logarithm. For points from -3a to a such 
arcs are partly logarithmic, partly inverse circular. For points from @ 
to +œ the arcs are inverse circular expressions, Examine the truth of 
this, 


624. John Bernoullis Theorem. 

Let a number of points P,(a,, Y1) Pa(£ Y2), etc., be moving 
in a plane, and let ds,, ds,, ds,, etc., be elements of the paths 
described. Let us impose upon their motion the condition 
that they are all moving at every instant in parallel directions 
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in the same sense. Let y be the angle the tangents to their 
respective paths make with the z-axis. 

Suppose heavy particles of masses m,, mg, ete., to be placed 
at P,, P,, ete., and let Z, y be their centroid. 


— _2me — my 
Then Oe a 
-_Emdæ Xmds 
~ ih 5.) an Y, 
-_Emdy_ Em ds i 
dy In An Y 
z 
R 
R 
Fig. 170. 
Hence dæ eoi.. aa and therefore the motion of the 
cosy sin 


centroid is always parallel to the motion of the several 
particles; moreover, if ds be the corresponding element of the 


path of the centroid, __Smds 
ant 
- Ems 

and s= 


625. This result is ascribed by Mr. R. A. Roberts, in the 
paper before cited, as due to John Bernoulli, the intention 
being to give a method for the generation of new rectifiable 
curves from any system of curves whose rectification has 


already been effected. 
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It is to be remarked that the same theorem obviously holds 
for any system of particles moving in the manner prescribed 
upon twisted or tortuous curves in space. 

Again, several of the points may be moving on different 
branches of the same curve. 

It appears from Bernoulli’s result that as m,,m,, Mg, ... can 
be arranged at will, we can from any set of rectifiable curves 
generate an infinite number of other curves which are rectifiable 
in the same manner and in terms of the same functions. 

Thus, for instance, taking any set of-catenaries with parallel 
directrices whose typical equation is s=a+ctan yf; 
or any set of equal equiangular spirals, type s=a-+-be™+ ; 
or any set of circles, type s=a+by; 
or any set of involutes of circles, type s=a+b(y+a)’; 
or any set of similar epi- or hypocycloids, type 

s=a+b sin (ny +a); 
or any set of semi-cubical parabolas with parallel axes, type 
s=a-+b sey ; 


reduces to an ex- 


or, in fact, any of the cases in which ld 


pression of the same form, the locus of the centroid 

zmex — my 

im” * em 
is another curve of the same kind, and the length of any 
portion of its are is to be found from the formula 


And further, when curves of different nature are taken as 
the original curves, though the derived locus be not of the 
same nature as that of any one of the original curves, yet it is 
still rectifiable in terms of the same functions as those in terms 
of which the original curves are rectifiable. 


626. Extension of Bernoullis Theorem. 

When the forward-drawn tangents at the several points are 
not all in the same sense, we may still apply the theorem, but 
with the precaution of reckoning all those elementary arcs 
which are traversed in the same sense as positive, and the 
remaining ones as negative. 


www.rcin.org.pl 


650 CHAPTER XVIII. 


Thus, if P (2, y,), Paltz Y2) be at opposite extremities of a 
diameter of an ellipse, or centric oval, and if cosy, sin y- be 
the direction ratios of the tangent at P,, —cosy, —sin y will 
be the direction ratios of the forward drawn tangent at P,, and 

dmc dx, +m, dæ, _ m, (ds cos vr) +m, (—ds,cos y) 
™,+Mg M+ Mg 


_ My ds,—M, ds, 
mi +M cos ih, 


m, ds, —m. 
and dy= eS cin sh 
Mı tM, 


_™, ds,—m, ds, M8, —M.8, 
and weil ag tm giving aed re hae im, 


Pp 


1 


»U 


Fig. 171. 


Moreover, for an ellipse, or centric oval, obviously ds, =ds, 
and s,=s,, and if we make m,=m,, 8=0, as it should be, since 
all diameters are bisected at the centre, and the centroid locus 
degenerates into a point. 

In the case when one of the curves degenerates to a point 
and one other point describes a given curve, Bernoulli's 
Theorem states that the similar and similarly situated centroid- 
locus is such that corresponding arcs on this locus and on the 
original curve are proportional, which is æ priori obvious. 


627. Ovoid with One Axis of Symmetry. 

Let us consider the case of any ovoid with one axis of 
symmetry, and discuss the locus of the mid-points of chords 
which are such that the tangents at their extremities are 
parallel. Let P,P, be such a chord and @ its mid-point. If 
we take the direction ratios at P, as cos y, sin yy, then at P,, 
where the forward-drawn tangent is parallel, but in the 
opposite direction, they must be taken as —cos y, —sinw. If 
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it be a question of applying the theorem to the locus of the 
mid-point @ of the chord P,P,, we have 

Pie, 
where ds,, ds,, do are the elementary aros traced by P,, Pa, G 
respectively, and as the inclination of all three tangents to the 
a-axis is the same, pene 


peony: 


where p,, pọ, p are the corresponding radii of curvature. 


Fig. 172. 


Now, in integrating to find o for the whole length of the 
path of G, considerable care is necessary, for when the points 
P,, P, pass through positions at which the radii of curvature 
become equal, ds,—ds, in general changes sign. So that in 


estimating fa for the whole G-locus, for some parts we must 


take axles and for others fas, i.e. we must take 


care that the difference of the elementary arcs at the ends of 
the chord is reckoned positively. 
Hence we shall write the result 


In such an ovoid there will in general be points A, B, C, D, 
of which the first and third are the extremities of the axis of 
symmetry, where the radii of curvature are respectively 


minimum, maximum, minimum, maximum; 
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and there may be a pair of points, one between D and A and 
one between B and C, at which the tangents are parallel, and 
such that the radii of curvature at those points are equal; and 
the same is true of the portions AB, CD of the ovoid. In such 
case, on the G-locus there is therefore a point at which p=0, 
with a change of sign of p. Hence there is at such a point a 
singularity on the G-locus, in general a cusp at which the 
tangent is parallel to the tangents at the corresponding points 
on the ovoid. 


628. Geometrical Examination. 

Let us examine more closely, in a geometrical manner, what 
is in general happening at such a point. 

Let P,P,, PP P.P;,, PiP P,P;, ... be elements of the 
ovoid, with equal increments dy in the angle of contingence, 


a irae, 
Fig. 173. 


and drawn in the neighbourhood of a point on the ovoid, 
which has the peculiarity under consideration, viz. that the 
radius of curvature at that point is equal to that at the 
opposite extremity of the chord. 

And let Papi, P1Po PoP3> PaPa» PPs» «+» be the opposite parallel 
elements, the angles between consecutive pairs of either system 
being therefore dy, and let P,P,=p,9,. 
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Let Go Gis Go, Ga, Gy, ... be the mid-points of the chords 
PaPos Pipi, Pope, Paps, ... respectively ; then it will be obvious 
that GG, = 3 (PoP1—PoP1); 

G,G,=4(P,P.—p,p2), 

GG; = $ (P2P3—pops), 

G3G4=}(P3P4—psps)=09, 

GG; = $ (Paps —P4Ps), 

GGe =} (Ps5 Pe —P 5Ps), 
ete. 


The points G}, G, coincide, the element G,G,, makes an angle 
2d with the element G,G,, the direction of the tangent to 


Gaand G4 


Fig. 174. 


the path having turned through an angle 7+2dy. Ulti- 
mately then we have at G, two coincident tangents to the 
G-locus, 7.e. there is a cusp on the G-locus at such a point, and 
this cusp lies upon the envelope of the chord, for G, is the 
point of intersection of two consecutive positions of the chord. 


629. Again, at the points EZ, F on the double ordinate at the 
widest part of the ovoid the radii of curvature are obviously 
equal, and at the mid-point Y of EF there will be a cusp on 
the G-locus, whilst at X, the mid-point of the axis of symmetry 
AC, the tangent to the G-locus will be perpendicular to AC. 

Let JJ be that chord of the ovoid for which the tangents 
at I and J are parallel and for which the radii of curvature at 
the ends are equal, and whose mid-point is situated at the 
cusp L of the G-locus, and let J’J’ be the corresponding chord 
through the cusp M, symmetrically situated with regard to 
the axis of symmetry. 
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Then, integrating along corresponding arcs, 
are I’CI—are JAJ 


arc UXL= ya ai 
MES _are wi Pe 


are YM i OSE SED FI 


Thus the whole perimeter of the tricuspidal G-locus 

= $ (arc l'C{—arc IE +are EJ’ —arc JJ + are JF —are FT), 
ie. in short, half the difference of the two sums of alternate 
arcs of the original ovoid, the points of division being those 


Fig. 175. 


at which, whilst the opposite tangents are parallel, the radii 
of curvature are equal. * 

630. Of course, in the case of any closed oval symmetrical 
about two perpendicular axes, such as an ellipse, the diameters 
are all bisected at the intersection of the axes of symmetry, 
and the tricusp is evanescent, the radii of curvature at all 
opposite points being equal and the tangents parallel. 


631. Note (i) that if lines be drawn through the points G 
paraliel to the tangents at the extremities of the chords through 
G, then the points @ are the points of contact of such lines 
with their envelope ; 

(ii) that the cuspidal tangents to the G-locus are parallel 
to those parallel tangents to the ovoid at whose points of 
contact the opposite radii of curvature are equal ; 
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(iii) if R be a point on such a chord P,P, as has been 

described, and dividing it in the ratio m, :m,, then the theorem 
jie Es 
Mı + Ma 
is true for the whole perimeter s of the ovoid, 
i.e. o= a Ms 
M+ Me 
(for in integrating round the curve s,=s,=s), provided that 
R does not lie intermediate between a certain pair of points 
R,, œR, on the chord, for which m,p,—m.p2 can vanish, 
i.e. if A and A~! be the greatest and least values of the ratio 
P;/p. attained as P, travels round the perimeter of the ovoid, 
the points R,, R, are the positions of R for which m,=Am, 
and m,=Am, respectively. Thus, for all points R on the chord 
or the chord produced which do not lie between R, and R,, 
the perimeter of the R-locus is 
ak 
Aer 1 8. 

But for points between R, and R, thus defined, precautions 

similar to those described for the mid-point must be taken. 


Fig. 176. 


632. An Instructive Problem. 

Let us discuss the locus of the centroid of the triangle PQR when 
these points lie upon a cardioide and are such that the tangents at 
P, Q, R are always parallel. 
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The equation of a normal to the curve r=a(1+cos@) at the point 
@=2a is 
(3t-#)a—-(1 —3¢*)y=5 {(8t-#)+4(1+P)}, 
where ¢=tan a (Diff. Calc., p. 158). 

The three normals will be parallel at points such that 

3-0 


I3% say, i.e. tan 3a = k. 
Let tan 3x =tan 3a. 
Then ` 3x=nr +30, 
X=4, a+5, a+, 


4r 

3 

therefore also the tangents, are parallel. 
Let these be called 2a, 28, 2y. 


If (£1, Y1) (25 Yo), (£3 Y3) be the coordinates of P, Q, R, 


Hence 2a, 20+, 2a+- are points at which the normals, and 


= 2a cos? 2 cos 6=2a costa cos 2a=5 (1 +2 cos 2a + cos 4a), etc., 


Yı =2a cos? sin 0=2a cos*a sin 2a=5 (2 sin 2a +sin 4a), ete. ; 


> =ne, 39 =Dy,=0. 


Fig. 177. 


ORP z=» y¥=0, and the centroid is therefore at a fixed point G 


on the axis. 
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(ii) Let PG, QG, RG cut the sides of the triangle at Z, M, N. Then, 
since GP=2GL, etc., the points L, M, N, i.e. the mid-points of the sides 
lie on another cardioide of half the linear dimensions of the former. 


(iii) The tangents at L, M, N to this cardioide are parallel to the 
tangents to the original cardioide at P, Q, R. 


(iv) The triangle PQR might have been described as one in which each 
of the sides subtends an angle 120° at the pole O. 


(v) All other points which divide the sides, or the medians, in a 
constant ratio, or any points connected with the triangle PQR by the 
formulae dla Sly 

= 1’ ore > | ’ 
where l, m, n are either numerical or not dependent upon the magnitude, 
shape and position of the triangle, also trace cardioides ; and lines through 
such points parallel to the tangents at P, Q, R, envelope cardioides. 


633. Areals and Trilinears. 

It has already been explained that such systems are not 
well adapted for metrical purposes (Art. 460). 

We can, however, readily obtain suitable formulae for such 
cases if necessary. 

Denoting the trilinear coordinates of any two points by 
(ar Bi, Yı) (ag, Be» Y2) the triangle of reference being some 
given triangle ABC of sides a, b, c, and area A, the distance 
between these points is 


r= — 2 alpi- 72) + (1-2) a) 
+¢(a,—ag) (Bı —Be)] 
or = [a cos A (a,;—az)?+6 cos B(B,—B,)?+¢ cos C(-y;—y-2)"] 


(Ferrers’ Trilinears, p. 6). 
Accordingly, the length of an elementary arc ds between 
two points (a, B, y), (at+da, B+dB, y+dy) 
may be written either as 


dest= — 2% (a dB dy +b dy date dad) 
oras ds?= = (a cos A da? +b cos B dB? + c cos O dy’), 
where aa+bB+cy=2A, 
and therefore ada+bdB+cdy=0. 


www.rcin.org.pl 


658 CHAPTER XVIII. 


The corresponding expressions in Areals will obviously be 
ds? = —(a? dy dz+b? dz dx+c? dx dy) 
or ds? = be cos A dx? + ca cos Bdy*+ab cos C dz’, 
with the identical relations 
e+y+z=1, de+dyt+dz= 

The Areal results are a little the simpler. 

634. Unicursal Curves. 

In the case of a curve being unicursal, i.e. such that the 
coordinates of a point upon it can be expressed as rational 
functions of some parameter t, then if we have taken/areal 
coordinates x, y, z, so that their sum is unity, we may write 


A, an BR dy, Sy 
Al) Alt) AO Fey 
where FO =A +f). 


Let these functions be made homogeneous and of the same 
degree, say the n**, by the insertion of a proper power of 
another letter +, where r=1. 


dx _ fA Of OAM 
Then de Tanga! Saxe: 
Now, by Euler’s Theorem, 
of A, ha 
OMA) a tr ae 
Fakrol n af of, 
ot f ot 
of a, 
“a 1 Or’ Or 
n| af, 
at’ at 
1 
=, Ue 
where J, is the Jacobian of f, and f with regard tot and 7, ùe. 
1 Oh A) 
n O(t, T)’ 
and 7 is to be put =1 after the differentiations are performed. 
SRA 
Thus : de=7 act 
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Similarly dy =— dt, 


where J, and J, are respectively 
da f) dla f). 
a(t, T)’ a(t, T) 
Thus the areal formulae for rectification in the case of a 
unicursal curve become 


s= fy -la ENRE Ja +02, Jdt 


or En [be cos AJ,? + ca cos BJ 2+ ab cos CJ,"| dt. 


These simplify a little further in the case where it is 
possible to take the reference triangle equilateral. 


635. Ex. 1. For example, if it be required to apply this method to 
rectify a circle referred to a pair of tangents inclined at 60° and the 
chord of contact, the equation is 

v=yz, 


£ z 1 
and we may put a ETET 
d. 1-2 dy _ 1+2¢ de = Q+e 


SOFE di (FiF dt QHFOP 
d= +5 (da? +d +de) =a? 


dt 
` dem -aryr 


d? 
litt’ 
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We take the negative sign, because we measure the arc from O, where 
t=1, the nearest point to A, and as the current point P moves from 0O 
towards B (Fig. 178), ¢ decreases, t.e. s increases as ¢ decreases, t.e. 


ee 2a patt 
V3 V3 


1 1-?¢ 
E) 
v3 V3 1+¢ 
| Clearly. the radius=—j; hence we can determine the geometrical 
1-7/3 uiii 
y9 "e 
1+/3 tan}0DP 


J 


meaning of the parameter ¢, viz. t= r 


Ex. 2. Take as triangle of reference any pair of tangents to a parabola 
and the chord of contact. The equation of the curve then is 


a=4yz, 
i EME P SLTA 
and we may write r ET E 
do 1t dy 2 dz 2 


iara dt -G+o” a to 


$ d= frp lbecos A(1 — t) + ca cos B+ab cos Ct?) dt? 


= (ppp = Bbc cos Ar+ A) Ar, 
PAGET! T ETE 
ee 
Put bt—-ccos A=csin A: tan; ~. bdt=csin A se? dô ; 


dé 
eee 2 
Eiht dean | anaia 0 +csin A sin OF 
eA Coogan where p=b+ccos A, 


842 [secs(0-tan-#2) a9 q=csin A, 


dt. 


+p? 
2 
SEEEN (0- tan-12)seo (0- tan-12) 
(b? + 2be cos A +c”)? P 
w, 6 1 äg) 
+log tan (7492 tan F } 
P ~ g_bt—ccosA 
where Iai and wni a 


which, when aii between limits ¢,, ¢,, determines the length of the 
intercepted arc in terms of ¢,, ¢ and the elements of the triangle of 
reference. - 
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636. Connexion between Quadrature and Rectification. 

It is perhaps of historical rather than mathematical import- 
ance to point out the connexion between the problems of 
rectification and of quadrature. 

If y=f(x) be the Cartesian equation of the curve to be con- 
sidered, we shall suppose a new curve to be constructed from 


OOF N G 7 
Fig. 179. 


it, taking the same abscissa and an ordinate 7=asec ys, where 
y is the slope of the tangent to the original curve and a is 
any constant. Then 


ds = da see yy =" da ; 


yas =fr dz. 


Hence the rectification of the first curve may be regarded as 
the quadrature of the second. 
Sec y may be interpreted in various ways to facilitate the 
drawing of the graph of the new curve; for example, 
Tangent _ os Normal ‘ 
Subtangent Ordinate’ 
Accordingly, if the ordinates of the original curve be all 
increased to a length y so that 


sec y = 


i Tangent Normal 
1:4 = Sabtangent °F Ordinate’ 
a new curve will be found for which the area bounded by the 
new curve, the z-axis and the terminal ordinates is equal to a 
rectangle, one side of which is æ and the other side is the 
corresponding are of the given curve. Also a, being at our 
choice, may be taken as unit length. 
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637. Ex. If the ordinate of the semicubical parabola ay?=z be 
produced to a length y so that n=a arma show that the path of the 
new point thus found is the parabola 

4n? = 4a? + 9ae. 

Find the area of a portion of this parabola bounded by two given 
ordinates, and deduce the result of Ex. 1, Art. 516, for the length of 
the corresponding arc of the semicubical parabola, 

Van Huraet’s rectification of the semicubical parabola referred to in 
Art. 516 was effected thus. (Williamson, Int, Calc., p. 249.) 


638. On a Class of Rectifiable Curves. 
daz 


If ~ = F(t) cos f(t) 
y we have on == F(t). ¢ 
and a = F(t) sin f(t,) 


Hence in the curve 


r= | F(t) cos f(t) dt, 


y =[F(sin f(t) dt, 


The functions F(t) and f(t) being at our choice a large 
number of rectifiable curves arise. 

In constructing a rectifiable curve, a common method is to 
make f(t)=n tan-1¢ and make use of the formulae 


we have s =[F( dt. 


cos (n tant) = agate — "C127 +"0,t4—...), 
(14-02)? 
sin (n tan~tt}= woth wagi —"0,8+"0,t5—...), 
(1+ ¢?)? 
and either to choose an even value for n, or to take (1+7?)? as 
one of the factors of F(t), if n be odd, to facilitate integration. 


639. Ex. 1. Thus, taking 
heren=2 and F(t)=1+?, 


we have r=, | 


£8 
os 2. aire So 
and j 1+22; whence s=t+ 3 
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The curve in question is then 


2 
yr=a(l - =) „a cubic, 
and we have in this curve 
2 
8 =2(1 +2) 
or 8 — y? = $27 
dx 1 
Ex. 2. Let us take =al -— t), 
dy _ 
a =2a 
ds 1 
Then q=a(3+t) 


P 12 
one (togt-$); y=2al, s=a (10g1+5); 
. eis ae. 
. arty =t log p 
is the Cartesian equation of the curve. 


Also 8-“2= e ; 
and the intrinsic equation is 


=" tan ¥ y 
8=5 tan g +a log tan 5. 


Ex. 3, Take ae _ 2) 
and 4-H, 2t 
Then a= 4a(i - ra 
y= gail, 
and w= Aq +f), 


bi 
s=4a G + z) 
Hence s* — x? =, and the intrinsic equation is 


s=4a tan ¥(1+4 tank), 


Ex. 4. In the curve for which 
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we have a 1+420+74, 
28 t 
AA s=lt+ ate: 
h =1-284° 
where y=t— 2 +g» 
y=2W- t, 
dy ri 
tan y=7, = tan 46, if t=tan ĝ; 
EP 
; =P 
and the intrinsic equation is 
Bi A| 2 ant? a) tantY ‘ 
s=tan 7 1+, tan atp tan z} 


the Cartesian equation being the t-eliminant from the values of x and y. 
Several examples of this class of curve will be found in Wolstenholme’s 
Problems (No. 1800 onwards). 


640. Since (m?—n*)?+(2mn)?=(m?+n?)? we may construct a curve 
such that 


z= [SOU 20-F2O) a, 
y= f HOOO ds, 
and then we shall obviously have 


s= [HOROS], 


where (4), fat), fa(t) are all at our choice. This artifice amounts to a 
form of the last method. 


dz 


641. Ex. Let o que), 
dy _ 
Gn mt Pe 
Then as at (t? + 1), 
{+2 42042 
Hence, for the curve z=a( r3 -RT 
¿p +ta+2 
Siar ggr? 

h {2P+2 {29+2 
we have smaltati 
; a a (ptq+2P y 
RA 8 PORTRDT 
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642. A Theorem by Mr. R. A. Roberts. 
An important transformation may be used in some cases to 
derive one rectifiable curve from another, as follows: 


Put x+y =u, 
dig a) where .=J/—1. 
Then clearly ds? = da*+ dy? =(dx+.dy)(dx—. dy) 
= du dv. 
In cases where the equation of the original curve takes the 
form (u) o(v) =const., say unity, 


if another curve be derived from this one by taking 
w= [Egu] du, 


v= fis (v)]" dv, 
it is plain that 
du' dv' =[ġ(u)]" [¢(v)]" du dv=du dv, 
and therefore ds'’*=ds* and ds'=ds, 
and corresponding arcs will be equal. 

The theorem is given by Mr. R. A. Roberts [Proc. L.M.S., 
vol. xviii.]. 

643. Precautions. 

Some circumspection is necessary in the inference to be 
made as to the whole perimeter of the derived curve. For 
instance when the point P(x, y) of the curve, supposed closed, 
traces out the complete path ¢(w) ¢(v)=1, the corresponding 
point P’ on the derived curve may not trace out the whole of 
the derived curve, or it may trace the derived curve several 
times. This point must be examined in all cases of applica- 
tion of the theorem. 

644, In illustration it will be instructive to consider the most elementary 
case, viz. that in which the primary curve is the circle z? + y?= a? 

With the proposed transformation, viz. x+.w=u, x—y=v, we have 


uv =a’, 
Taking the derived curve as 


Pele (a PE {? 
w= [Fdu, v= fido, 
we get ds =ds, and corresponding arcs are equal. 


3 
Now w= gives rty =z alet). 
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Therefore a BU, Bh. ed a A. SAS (1) 
Sah of te BY =O E A E ET sists wee (2) 
And upon squaring and adding, 
Qat (r? +y?) =L + =at. 
Hence the corresponding locus is the circle 


sty’ =a 


viz. one of radius S 
The whole perimeters are obviously not equal. 
But noticing that if we put v= tan 6’ and A tan 0, we get 


tan 0'=tan 30, or 0 =30, x 

and it appears that the derived circle is traced out at three times the anguiar 
rate of the primary circle, and whilst the point P(x, y) traces the whole 
of the primary circle, the derived point P’{z’, y’) traces the derived circle 
thrice, and the circumference of the first, viz. 2ra, is thrice the circum- 
ference of the second, i.e. 3x (=): 

645, As an illustration of the derivation of a new rectifiable curve by 
this method, take as primary curve the lemniscate 


72 =? cos 20, 
i.e. (HPF =e- y), 
2 
i.e. wres (u?+0?), 
ea Vg T)- a 
or (w z G a 


Let us derive a new curve from this by putting 


>, 


i v-5f(e-F)a, 


4 
and therefore du’ dv’ = Afe - =)(*- oY du dv=dudv; 
whence ds’=ds, and corresponding arcs are equal. 
N , 2/8 @ > 28 a 
ow ane. -als- 5") v=5(5-$»), 
a? -Cty _ a 
i.e. 5 (£ +y)= 3 z (x+y), 


Ba? x’ = 2(2° — 3ry*)—3a%x, 


C atlas — 
‘iif gaty 92) Baty, J PeT (a2 4-42)? = a2(a2 — 92), 
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which may be written as 
32". pa 
i ee “/con 26 [cos 50 — 2 cos 0), 0 being an arbitrary 


EAN arameter. 
“Y -Acos 26 [sin 50 — 2 sin 6), p 


Hence as arcs of a lemniscate can be expressed as elliptic integrals of 
the first kind, the same is true of this derived ċurve. 
The elimination of «v and v from the equations 


a e a, yrn (w-£) ¥f)aE 
TRAA oo 3a ° 2 Q2/ 4 


in this example may be performed as follows : 
a7 2 Ë ( a) 
Let w= 5 (1+2), v 5 l+% 
Then 3u’=u(?—-2), wv = (a 2); 


2 Ayiee 
` 9u?=F(1+2)(P-2, v= F(14+5)(4-2) 


ME Seu hs 18’? , 1 3 
gar aia ame N 
=A, say, =B, say. 

Then npt =p, say ; 


`. H+5=p'-2, + 5=p 3p; 


. A+ B=(p?—3p)-3(p*-2); 
. A+B-5=(p+1)(p?-4p+1), , 
27(A +B-—5)=(13— A B)(A2B*- 8A B-11); 
“. A3B3—21A°?B?+934B+27(A + B)+8=0 is the locus required, where 


Be TA 


aB- anty- a (wy). 


The desired curve is therefore one of ie 12th degree, and its arcs are 
of the same length as corresponding ares on Bernoulli’s lemniscate. 


646. Serret’s Mode of Derivation of Rectifiable Curves. 

M. Serret (Calcul Intégral, p. 252) indicates a process by 
means of which algebraic curves can be produced which are 
rectifiabie in terms of ares of a circle, 7.e. without the aid of 
the elliptic functions. Let .=J/—1. 

Taking : and —ı a and a, b and 8B, c and y, ete., to be 
k pairs of conjugate constant complex quantities, C any real 
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constant quantity, and w a real constant angle, and m, n, p, q, 
etc., positive integers, and putting 

t= (z—a)"+1(z—b)Pt1(2—c)¢+1..., 

T' =(z—a)*+! (z— BPH (z— y)... , 
he states that the proposed problem is answered by the formula 

j r+ iy = Cent cnn ane "o i AA PERAE OTON (1) 
provided the k—1 pairs of constants (a, a), (b, 8), ete., be 
chosen soas to make the result of integration algebraic. As 
there are k repeated factors in the denominator of the 
integrand, this will entail the satisfying of k—1 independent 
conditions (Art. 149), for the degree of the denominator is 
greater by 2 than the degree of the numerator. 
To see the truth of M. Serret’s assertion, we observe that 

t (2—)™ 
T ARITE od, 


*, dæ—ıdy=0e "> a aa a dz. 


da+.dy=Ce z 


t (2—.)™*? yn? 
Hence ds? = da? y dy? =C? Tra 
z 
and ds = C T+2 , 
giving SOR T T (2) 


647. M. Serret discusses a slightly different form in 

Liouvilles Journal, vol. x.,* viz. 
(z2—a)™(z+a)" 
t+ y= coe E dz. AE, (3) 
w (2—a)™(2+a)" 

Here dz+idy= Ce e ad, 

(z—a)™(z+a)" 
(z —a)™+1(z4q)nt1 

dz? 
K aea) 


dæ —ı dy = Ce dz; 


whence ds?=dz?+dy?= 
saa a i =o woe ee, 


a form readily made to depend upon an elliptic integral. 


*See also Lond. Math. Soc. Proc., vol. xviii.; Mr. R. A. Roberts; and 
Cayley, Hil. Funct., Art. 448 (where the Ce” is omitted). 
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In the equation (3), the denominator is still in degree higher 
by 2 than the degree of the numerator, and there are two 
repeated factors in the denominator ; hence one condition only 
is necessary that the resulting rectifiable curve should be 
purely algebraic (Art. 149). The integral (3) is not in all 
cases obtainable, but if one of the indices, say m, be a positive 
integer and if the equation of condition be satisfied, the 
integration can be effected in terms of z, involving complex 
constants. Then, equating real and imaginary parts, x and y 
can be found, and when z has been eliminated the Cartesian 
form of the equation of the derived curve will result. 


648. The Equation of Condition. 
The form of the conditional equation is very remarkable, viz. 


taking dun etal, 
it is -A én(é -1)™=0. 


This is discussed at length by Cayley, chap. xv., Ell. Funct., 
to which we must refer the advanced student for the work. 


MISCELLANEOUS PROBLEMS. 
1. Show that any point on the Lemniscate 7? =a? cos 20 may be 


represented by z+ z- 2 
ger ee ei Er. 
and hence obtain the rectification of the curve. [SERRET.] 


Show that the integral obtained for s reduces to the standard 
Legendrian form by the further substitution 
cos ¢ = ef 
Vl +2 
(Carney, HU. Functions, Art. 63.] 
Z-t a-—t 


qrr: th 
Z+t Ate 
Bs) (z-a) (2 - ge 
eram oo fo pat 
w m(u-— E 


2. By the transformation 
show that the equation 


takes the form g+ y=4 u, 


(u- (u-i 
(a+)(a-— +) Bi gw (2H! n+l /q — mH 
"ME is aaa ATao Gr) eee 
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Hence show that the condition that x+y should be purely 
algebraic is d” 
, rt iih Ah 


a and a being supposed conjugate, and m, n positive integers. 
Discuss the roots of this equation. [SERRET, Calc. Intég., p. 254.] 


3. In Bernoulli’s Lemniscate 1? = 2a? cos 20, 
show that if z+y=u and #-w=2, 
the equation of the curve may be written 

(u? — a?) (v? — a?) = at, 

Further, expressing «? and v? as a?(1+é) and a?(1 + F respec- 
tively, show that the tangent of the angle which the gene 
at any point makes with the z-axis is 

ataf 
1-# 

Hence, putting the coordinates of two points at which the tangents 
are parallel, as wp, w? where w*=1, show that the locus of the mid- 
points of chords joining such points is 

[16uv? — 8a?(u? +v?) + 3a*]? 

= 4a*[16{ut + vt — u?v?} — 12a? (u? + v?) + 9a*], 
i.e. a curve of the eighth degree. 
[R. A. Ropers, Proc. L.M. Soc., vol. xviii.] 


4. Obtain an integral for the rectification of the inverse of the 
parabola y?=4az, with regard to a point on the axis whose 
coordinates are (h, 0). 

If h= — 3a, show that 


$= 


1 3+2,/2 sino 
bad? © 3-2/9sinw’ 
where atan?w, 2atanw are taken as the current coordinates of a 
point on the parabola, and the arc of the inverse is measured from 
the eae corresponding to the vertex of the parabola. 
(Mr. Roperrs, loc. cit.) 
Show that the semiperimeter is bisected at the point o=sin-!3, 
5. Show that the tangents to the parabola 7?=4a(a+a) at the 
points {a sinh?(wiv)—a, 2a sinh(u+»)}, 
where u is variable bút- v is a constant, intersect on a confocal 
parabola ; and that if T be a point on this second parabola, and 
TP,, TP, the tangents to the first, then 


TP, + TP,- are P,P, = a(sinh 20 — 2v), 
and is constant. [Oxrorp I, P., 1911.] 
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6. Show that lK taken over the area cut from a parabola of 


latus rectum 4a by an ordinate distant c from the vertex (c<4), 
where r denotes the distance from the focus, is equal to 


Ja+Je 
Avac- 2(a - c) Ba Je {Oxrorp I. P., 1911.] 


7. Bhow that | Sa 
> sin 


8. If 
- lod - (od 
u=e Je [et aterros.. bog) fdet Ce Je s, 


where Co C Co +++) Cw C are (n+ 2) arbitrary constants, and 


2 La, +a,0+ a,a%+ Jeran, 


f 
where dp, Qy ..., m are (m+ 1) given constants, show that if m be not 


greater than n, ~A obtained by the direct differentiation of u with 


regard to x, contains only (n + 1) arbitrary constants. 
[Matu. TRIros, 1878.] 


9. If f(m, n)=| am (cosh z)-"dz, where m and n are positive 
0 


integers, each greater than 2, prove that 


(n —1)(n—2)f(m, n) = (n — 2)*f(m, n- 2) —m(m—1)f(m—- 2, n- 2). 
[Ox¥Forp I. P., 1914.] 


10. Given that a and ¢ are positive, show that the limit when 
m->% and n> of 


BET Y lot 1 prod art loda] 
|e are Dart ee c\" 
(a+5) (a+) (a +5) (a+ mn £) 
n n n n 
is finite when +>1; and find this limit. [Oxr. I. P., 1914.] 


11. The increase dS in a man’s satisfaction S by an increased 
expenditure dz on a certain commodity, is expressed by the law 


dS = sity dz. Similar laws, viz. 
t-a 


NE, SRA 
aS = ee dS at 


hold for two other commodities, where A, p, v, a, b, ¢ are all positive. 
Find how the man should expend a given sum Æ (>a+6+c) so 
that his total satisfaction is greatest. [Oxrorp I. P., 1914.] 
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Show that the maximum satisfaction is measured by 
_ 1 Myer (EB -a—b—cptete 
S= log Arppe 


12. Evaluate 


i Ma DO. A 
ua — 2g cos Y + l /z?—2zcoshut+1 
[Oxrorn II. P., 1914.] 
13. Show that the tangent to the curve 
3a? (y - £) +23 =0, 
at the point whose abscissa is A, cuts the curve again at the point 
whose abscissa is — 2h, and that the area included between the curve 
and the tangent is 9h4/4a?. [Oxr. I. P.„1918.] 
14. If f(x) and f(z) are both polynomials in x, show that the 
integral of f,()/f,(x) with respect to x can always be written in the 
Jane $, (2)/2 (2) + log $s (2)/$4(2), 
where $,, 2s $3, $4 also denote polynomials, not necessarily real. 
Find the general form of the integral with respect to x of 
filety — 1)/f,(@ —/z2 — 1). (Ox. I. P., 1918.) 
15. Show that the area bounded by the curve 
3al? _ 3at 
i+ ITIP 
its real asymptote x +y +a=0, and by two lines at right angles to 
this asymptote through the points ‘= —a, ¢=0 of the curve, is 


3a? + {1 PaO se > | 
(w+utl p} 
and find the whole area between the curve and its real asymptote. 
[Oxr. I. P., 1917.] 


16. If (z) be a rational function of z without singularities in the 
range 0 < z < 1, prove that 


[i (sin 2x) cos*z cos 2 dz = {#4 2a) cos*x cos? 2x dæ 


C= 


= 


= y $(sin 2x) costa cos 2x dz. 
0 


[Oxror» I. P., 1907.] 
~a)— dz 
am he (ese es 
ah we ORE TT EPT 


(ii) atl { part — gard} da 
(xP *4 + apa)? + a20q24 * 
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3 5 
18. In the curve pea Ea if show that s?=2?+ }8y? 
a a a iy 

s being measured from the origin. 


Show that the curve is a quintic of which the y-axis is an axis of 


t 
symmetry, and that the area of the loop = (735) (3) a’. 


19. 1f 2¢ be the eccentric angle of the point 7, @ on the ellipse 
c=r(1 - ecos 0), prove that 


2 
{(1 +e)? - 4e sin? o} (5) =4(1 - ecos? 0). 
Use the fact that 
T 
f Floso) d0=2 | F (cos? 6) d0 
0 0 
and the above to obtain a value of a, such that 
a aE Ypa dls v y APTS, LENO 
o V(I +e)? — 4esin? o o V(1 +e)? —4esin®?d 


(Oxrorp I. P., 1917.] 


20. A uniform rod of mass M has its extremities at the points 
Tis Yz; Tos Yo. Show that the product of inertia of the rod with 
respect to the axes is given by 


MY (+0 -pahit -n)di 


Hence show that the product of inertia of the rod is the same as 
that of three particles of masses 
M M 2M 
+6" — SH 
placed at the extremities and the middle point of the rod respectively. 
(Oxrorp I. P., 1913.] 


21. Show that the coordinates of any point on the curve whose 
intrinsic equation is s=a(sec"y — 1), 


where n is an odd integer greater than unity, can be expressed 
rationally in terms of tan y, and show that when z=0 the curve 
is a cubic with a cusp. [Oxr. I. P., 1911.) 


22. Show how to evaluate the integral | f(z, y) dx, where 


y? =ax? + 2bet+c 
and f(x, y) is a rational function of z and y. 
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Prove that 
. wody d se) ay 
Ore 
di 
Gi) Sera peN), 


the positive sign being taken for the radical in each of the subjects 
of integration. (Maru. TRIP., Part. II., 1913.] 


i (a? +1) 
23. Show by means of the transformation paneer that 
: dz af -JA 
c 2log (V2 + 1), 
fen: 1)(a2+1)2 oe TAN Bf J 
and verify the result in an independent manner. 
[Matu. TRIP., Part II., 1914.] 


sin x 
24. Integrate |—_——_-. dz. 
igi lar (z-a) (Mara. TRIP., Part IL, 1914.] 


25. Evaluate 
a+2 latr | 
(a+1)?(a?2+4)? J(2+1) J(5- sonar 
and the corresponding definite integrals taken between the limits 
(0, œ), (0, œ ) and (0, r) respectively. (Maru. TRIP., Parr II., 1914.] 


26. Show that 
sin 4a _, /sin 2a 
o fS de= tanh (or =} 


sin 62 
cos 6 


(ii) sin 3x 7 est ain ™ lo i E ) la sin (5 +2) 
B 5 Ar. T ae ert 
= err 


27. Prove that 


k do 
; (1 + sin?6)(24sin20) 5 sin T3 


28. Prove that 
| 2 cos 0 + sin 0 do = 2sin 6 


(1+sin 0 cos 0t ij (1 +sin ĝ cos Da 
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